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Abstract

I propose an intertemporal precautionary saving model in which the agent’s labor income is
subject to (possibly correlated) shocks with different degrees of persistence and volatility.
However, he only observes his total income, not individual components. I show that partial
observability of individual components of income gives rise to additional precautionary saving
due to estimation risk, the error associated with estimating individual components of income.
This additional precautionary saving is higher, when estimation risk is greater. Compared with
a precautionary agent who is otherwise identical, but ignores estimation risk, the rational
agent consumes less at the beginning of his life, but consumes more later, because of larger
wealth accumulated from savings for estimation risk. The utility cost of ignoring estimation
risk is also quantified in closed form.
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1. Introduction

The idea that income is subject to both permanent and transitory shocks dates at
least back to Friedman (1957) and Muth (1960). Recently, much empirical evidence
supports the view that individual’s labor income has components with different
degrees of persistence and volatility.! However, when it comes to analyze individual’s
optimal intertemporal consumption, vast majority of the literature assumes a
univariate labor-income process,> probably for technical convenience. While the
univariate income process is a reasonable approximation for many issues, it
nonetheless ignores, among other things, the effect of estimation risk on
intertemporal optimal consumption rule. By estimation risk, I mean the uncertainty
in estimating the individual components of income, based on only observing total
income. Intuitively, a smaller variance of estimation error indicates a lower
estimation risk.

Exceptions to consumption models with wunivariate income processes
include Goodfriend (1992), Pischke (1995), Quah (1990) and a collection of
papers in Hansen and Sargent (1991), among others. These studies assume
that the individual agent’s income 1is subject to both permanent and
transitory shocks. Goodfriend (1992) postulates that the individual agent
lacks contemporaneous information on aggregate shocks.® Pischke (1995)
supposes that the agent only observes his total income, not individual
components of income. Quah (1990) assumes that the agent observes
both components of the income process, while the econometrician only has
data on the economic agent’s total income. Hansen and Sargent (1991)
contain detailed treatments on estimation and inference of multi-variate linear time
series.

While these studies differ in their informational structure assumptions, they all
postulate that the individual agent’s optimal consumption rule is given by the
permanent-income hypothesis (PIH) of Friedman (1957). The PIH states that
consumption is equal to the annuity value of ‘““total wealth” given by the sum of
financial wealth (cumulative savings) and “human wealth,” the discounted expected
value of future income, using the risk-free rate. This in turn implies that changes in
individual agent’s consumption are not predictable (Hall, 1978). However,
the conditions under which the PIH rule is optimal are quite restrictive and

See MaCurdy (1982), Hall and Mishkin (1982), Abowd and Card (1989).

2See Zeldes (1989), Deaton (1991), and Aiyagari (1994) for example. Carroll (1997) considers an income
process with both permanent and transitory components. The transitory component is assumed to be
white noise. Therefore, his problem is effectively a univariate problem. Storesletten et al. (2004) study
consumption inequality in an equilibrium overlapping generations model, by postulating an income
process that is given by the sum of the agent’s fixed effect, a permanent component and a transitory
component. As in other papers, they also assume that the agent is able to perfectly observe each individual
components of his income process.

3Goodfriend (1992) shows that the martingale property of consumption will not hold at the aggregate
level due to imperfect information aggregation, even though the martingale property of consumption
holds by assumption at the individual’s level.
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un-realistic.* Moreover, imposing the PIH rule excludes any possible effect of
estimation risk on consumption, because the PIH rule assumes away any
precautionary motive, by assumption.

Unlike the existing literature, this paper acknowledges incomplete information
about individual components of labor income, and incorporates precautionary
saving motive into an intertemporal consumption model with partially observed
income. Precautionary motive is one of the most fundamental reasons for people to
save, a point mentioned repeatedly in Friedman (1957),” and first modeled by Leland
(1968) in a two-period setting. Since the pathbreaking work of Hall (1978),
precautionary saving has attracted enormous attention in the consumption
literature.® Precautionary saving models in the literature have either postulated a
univariate labor income process or simply abstracted away from the issue of
estimation risk, by assuming that individual components of income are observable.
However, the agent often does not have complete information about individual
components of his income. In those cases, forecasting is necessary and inevitably
imperfect. As a result, forecasting error shall naturally affect his saving decision. A
rational precautionary agent (whose marginal utility is convex, (Kimball, 1990))
recognizes this estimation-induced uncertainty and thus increases his saving
optimally for precaution. Intuitively, a higher variance of forecasting error implies
a bigger precautionary saving demand. This paper confirms this intuition in an
intertemporal setting, and quantifies the effect of estimation risk on consumption,
wealth accumulation, and lifetime utility. In a closely related setting, Guvenen (2004)
argues that the individual agent may be uncertain about his own income profile and
thus faces a signal extraction problem. Guvenen (2004) finds empirically that
individual income persistence is substantially lowered after taking the partial
observability of the individual’s income profile. His analysis provides empirical
evidence on the relevance of estimation risk of the individual income process forthe
agent’s consumption saving decisions.

In order to show that estimation risk gives rises to additional precautionary saving
in a simple and tractable model, I assume that (i) the agent has time-additive
expected constant-absolute-risk-averse (CARA) utility as in Caballero (1991), and
(ii) the joint dynamics of his unobservable bi-variate income process is a
conditionally homoskedastic Gaussian process. The CARA-utility-based model is
able to capture the precautionary motive in an analytically tractable way.” The

“To justify the PIH in an intertemporal framework, we need to assume both (i) quadratic utility, to turn
off precautionary motives (Hall, 1978), and (ii) equality between the subjective discount rate and the
interest rate, in order to rule out the dis-saving for lack of patience. Neither assumption is plausible.
Motivated by this observation, Wang (2003) shows that the PIH rule may also be obtained in a general
equilibrium (Bewley-style) model with ex ante identical, but ex post heterogenous agents. Each agent in
that economy solves a Caballero-style precautionary saving model.

3It is interesting to note that Milton Friedman’s most known contribution to the consumption literature
is the PIH consumption rule, which exactly ignores precautionary saving motive.

%See Caballero (1990, 1991), Zeldes (1989), Deaton (1991), Carroll (1997), and Gourinchas and Parker
(2002). See Deaton (1992) and Attanasio (1999) for surveys.

"See Caballero (1990, 1991), Kimball and Mankiw (1989), Merton (1971), and Wang (2004) for
explicitly-solved consumption rules with CARA utility and uninsurable labor income.
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assumption of a conditionally homoskedastic Gaussian labor income process
substantially simplifies the estimation of individual components of income, without
losing the essential economic insight. In addition to these convenient features, this bi-
variate income model is also flexible and rich enough to capture any magnitude of
persistence for, and any degree of correlation between, the two individual
components of income.

Unlike the optimal consumption problem when the agent has complete
information about the individual components of his income (the state variables),
the agent’s optimization problem is no longer recursive, when he only partially
observes his bi-variate income process. As a result, the original representation of the
optimization problem does not land itself into a recursive structure and thus
substantially complicates the analysis of the optimal consumption rule. This paper
makes a methodological contribution to the consumption-saving literature by
introducing a procedure to convert the original incomplete-information non-
recursive optimization problem into a recursive formulation and then to derive the
optimal consumption rule using dynamic programming approach. Specifically, the
agent may decompose his original incomplete-information optimal consumption-
saving problem into two sub-problems: (i) the signal extraction problem and (ii) an
optimization problem in which he treats the estimated individual components of
income as underlying state variables for his bi-variate income. I show that this two-
step procedure is optimal, because the dynamics for the estimated individual
components of income contains identical information as the original non-recursive
incomplete information setting does. That the two-step procedure is optimal and
equivalent to the original non-recursive optimization problem under incomplete
information is known as the separation principle. The Kalman filter technique used
in the signal extraction process allows us to derive an explicitly solved dynamics for
the optimal estimate of individual components of income and thus substantially
simplifies our analysis. While I have introduced the two-step methodology by
working with a bi-variate income process (with total income observed), the
methodology may also be applied to other settings. For example, if the agent
observes his total income with noise, he then naturally also faces an optimization
problem with partially observed income, the same methodology adopted in this
paper may be applied to such a problem.®

The remainder of the paper is organized as follows. Section 2 describes the model.
In Section 3, I compute the optimal consumption rule for the benchmark model in
which the agent observes both components of his income. Section 4 derives the
optimal consumption rule when the agent only observes total level, not individual
components, of his income. Section 5 quantifies the precautionary saving premium
due to estimation risk, and calculates the agent’s utility loss from his ignoring the
effect of estimation risk on consumption. Section 6 concludes. Appendices supply
calculational details for key results of the paper.

8Financial economists have studied the optimal asset allocation and asset pricing under incomplete
information. See Dothan and Feldman (1986), Detemple (1986), Gennotte (1986), Wang (1993), Brennan
(1998), and Xia (2001), among others.
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2. The model

An infinitely-lived agent receives a stream of exogenous stochastic labor income
that is subject to two shocks with different degrees of persistence every period. He
only observes his total income, not individual components. The agent smoothes his
consumption over time by borrowing or lending at a positive constant risk-free
interest rate. Thus, markets are not complete with respect to labor-income
innovations. For technical convenience, I cast the model in continuous time.’

The agent receives labor income at time ¢ at the rate y,, which is equal to the sum
of two components:10

Ve=wi+zy, (1)
where

dw,; = (0; — kyw;)dt + o1 dB;(2), (2)

dz, = (02 — Kk2z,)dt + pa2 dBy (1) + /1 — p?a2 dBy (1) (3)

and p is the instantancous correlation coefficient between the two individual
components w and z of income. Parameters k| and x; measure the persistence of the
respective individual component of the income process. A larger value of x describes
a less persistent process. The first-order autoregressive coefficient in a standard
discrete-time formulation is equal to e~ *. Positive and negative k correspond to
stationary process and non-stationary process, respectively. The unit-root process is
characterized by x = 0.

Egs. (2) and (3) together imply that the dynamics of total income y may be written
as follows:

dy, = (0 — k1w, — k2z,)dt + DdB(?) = (0 + ow, — x2y,) dt + D dB(?), 4)
where

0 =0+ 0,, ©)

0= Ky — K1, (6)

v =01 + poy, @)

v, =+ 1 —plo, )

and D = (v; v;). If the two components have the same degrees of persistence (k; =
K1), then total income y is Markovian and is given by dy, = (0 — x1y,) d¢t + D dB(?).
That is, there is no informational gain in estimating individual components, because
the total income y is itself a univariate Markov process. The rest of this paper focuses
on the more realistic and interesting case, in which the two components have

°A discrete-time formulation is available upon request.

10A standard Brownian motion B = (gi) in R? is given on a fixed probability space (@2, 7, P), along with
the standard filtration F = {#, : >0} of B, where %, is the information filtration generated by {B(s) :
0<s<1}, augmented by the null sets in Q.
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different degrees of persistence. Without loss of generality, I suppose that w is more
persistent than z, in that x; <x;. Empirical literature often models income as the sum
of (i) a unit-root process and (ii) a moving-average process or a white noise process.''
The current model offers a more flexible and richer specification for the bi-variate
income process. The model not only allows for any different degrees of persistence
for the individual components, but also allows for any degree of correlation between
the two components of income shocks.
The agent’s wealth accumulation equation is

dx; = (rx; + y, — ¢ dt, )

where >0 and Xy is the given initial asset level. Given his information set, the agent
maximizes his lifetime utility given by

Ue) = E[/OC>c v(cy, t)dt], (10)

subject to a transversality condition lim,_, o, E | e~ J(x;, wy, z;)| = 0, where J(x,w, z)
is the corresponding value function for the candidate optimal consumption rule. The
utility has standard exponential discounting, in that v(c;, 1) = e #u(c,), where >0 is
the subjective discount rate. I choose CARA utility, in that u(c) = —e™7¢/y with y>0.
The key message of the model is that estimation risk gives rise to additional
precautionary saving. The CARA utility specification allows us to deliver this result
in an analytically tractable way.

Following Friedman (1957) and Hall (1978), I define human wealth as the expected
present value of future labor income discounted at the risk-free interest rate r, in that

oo
h, = E(/ e "0y ds
t

where %, is the agent’s information set at time ¢. Note that the above definition of
human wealth makes no adjustment to account for income risk. It simply serves as an
index that converts current and expected future income to a measure of wealth. A
stock measure of wealth for income helps interpreting the optimal consumption rule
in later sections. In order to ensure that human wealth is finite, let r + ;>0 for
i=1, 2. With positive interest rate, any stationary or unit-root process auto-
matically satisfies r + k> 0.

In order to quantify the precautionary saving due to partial observability of
income, I first need to derive the agent’s optimal consumption rule, when he observes
both components of his income. The derived consumption rule under complete
information serves as a starting point for us to analyze the optimal consumption rule
when income is partially observed.

g) ()

See MaCurdy (1982), Hall and Mishkin (1982), and Pischke (1995).
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3. Benchmark: complete information

If the agent observes both components of income in that his time-z information set
%, = Z,, then the three state variables for his optimization problem are wealth x,
individual components w and z of current income. Appendix A shows that the
optimal consumption rule ¢* is affine in these three state variables, in that

c’f = r(x; + ayw; + axz, + a — IT"), (12)
where
1 (13)
a =
! r—i—Kl’
o 1 (14)
z_r—i-Kz,
1L /p—r 0, 0>
_ 15
. r( i ) "
Y o 2 o 02 o\’
=3 () () () + )] (16)
2 (\r+x r+r ) \r+x; r 4K

Eq. (12) is a generalized two-factor model of Caballero (1990, 1991). In addition to the
features captured in Caballero (1991), my model allows for (i) additional factor of
income; (ii) flexible correlation p between the two components of income; (iii) flexible
parameterizations of persistence x for both components. In order to help understand
the implications of the optimal consumption rule (12), it is useful to express the
optimal consumption (12) in terms of the financial and human wealth (18), in that

& =r(x,+h —bY), (17)
where
1 0 1 0
hy = (w, + —1> + (zt + —2) (18)
r—+ K r r—+ Ky r

is human wealth as defined in (11) under complete information, IT* given in (16)
measures precautionary saving demand, and
p—r

b= -
7

(19)
If the agent is neither relatively patient or impatient, in that = r, then he has no
incentive to tilt his consumption towards tomorrow or today in expectation. This gives

c; =r(x; + hy —II7). (20)

If we further rule out precautionary saving, then agent’s consumption is given by the
PIH rule and is given by

e’ =r(x, + 1Y) 21
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If the agent follows the consumption rule specified in (21), he saves only in
anticipation of possible future declines in labor income in the sense of
Campbell (1987). Correspondingly, consumption is a martingale (Hall, 1978). The
difference between (20) and the PIH rule (21) measures the precautionary saving
premium in units of consumption goods when income is perfectly observable and is
given by

cf — ¢ =T, (22)
where IT" measures precautionary saving demand. Eq. (22) confirms the intuition that
the precautionary saving demand is larger, for (i) a larger coefficient y of absolute
prudence, (i) a more volatile income shock, and (iii) a more persistent (lower ) income
process, ceteris paribus. The intuition for (i) and (ii) is obvious. The intuition behind (iii)
is as follows. While volatility parameters ¢; and ¢, measure income risk (in flow terms),
a precautionary forward-looking agent cares the effect of income shocks not only on the
current income, but also on all the future incomes. A more persistent income shock
takes a longer time to die out and thus induces a stronger precautionary saving demand,
ceteris paribus. Furthermore, a positive (negative) correlation between the two
components of income increases (decreases) the total risk exposure of income risk
and thus naturally induces a larger (smaller) precautionary premium.

This section presents a bi-variate stochastic income process, which allows for
differing degrees of persistence and any degree of correlation between the two
individual components of income, derives analytically the optimal consumption and
saving rules in an intertemporal incomplete-markets setting, and discusses economic
insights behind the predictions on precautionary saving. Having understood how
such a complete information model works, I next introduce partial observability of
income into the model. This partial observability of the income process for the agent
leads to non-trivial implications on his consumption and saving decisions. This is to
which we now turn.

4. Model with incomplete information

This section relaxes the assumption that both components of the income
process are observable and appeals to the more realistic assumption that only total
income is observed by the agent. As a result, the agent cannot precisely separate the
more persistent component from the more transitory component. The inability
to perfectly separate these two components leads to estimation risk, which
refers to uncertainty and error associated with estimating the individual
components of income from total income. The estimation risk naturally
further complicates the agent’s optimization problem, because he needs to choose
his consumption rule, even though he does not observe the individual components of
his income. Moreover, the original optimal consumption-saving problem is not
recursive, because only total income is observed and total income y by itself
is not recursive. (That is, the next period income cannot be specified only as a
function of the current income and the shock.) In order to make the
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problem solvable, we need to reformulate the problem into a recursive one. Indeed,
recursive methods are at the core of modern macroeconomics and economic
dynamics, which are forcefully demonstrated as the unifying principle of modern
macroeconomic analysis in Ljungqvist and Sargent (2004), a leading graduate
textbook in macroeconomics. (The title of the book ‘““Recursive macroeconomic
theory” highlights the importance of recursive methods.)

In order to tackle this non-recursive issue of the optimization problem caused by
the partial observability of income, I propose a procedure that allows us to divide the
agent’s optimality problem into two sub-pieces: a “‘signal extraction” problem and
an ‘“‘optimization” problem, and then to link the two pieces together to deliver the
optimal consumption-saving rule via the so-called separation principle. Importantly,
the “‘signal extraction” step allows us to derive an equivalent recursive representation
of income dynamics, based on the history of total income y. Using this equivalent
recursive representation, I convert the non-recursive optimization problem under
incomplete information to an equivalent optimization problem with recursive
structure. Then, I use the dynamic programming approach to conveniently
characterize the optimal consumption rule. The separation principle verifies the
equivalence between (i) the original non-recursive optimization problem when the
agent only observes his total income and (ii) the newly formulated optimization
problem with recursive structure, where the Markov state variables are obtained
from the signal extraction problem.

First, let me turn to the recursive formulation of the signal extraction problem.

4.1. Optimal estimation of individual components of income

The objective of this section is (i) to propose a recursive formulation that describes
the dynamic evolution of the optimal estimate for the unobserved individual
component of income; and (ii) to show that the dynamics for the optimal estimate
contains identical information as the original information specification under which
the agent observes his total income in each period. I use Kalman filter technique to
derive a recursive scheme for the unobserved individual component of income from a
noisy measure (total income).'”> As shown later, the optimal estimate of the
unobserved state variable plays a crucial role in solving the agent’s optimization
problem. At this stage, we may simply focus on the recursive procedure of optimally
extracting signals (individual components w, and z, of income) out of total current
income y,, the noisy measure of individual components of income. Appendix B
provides a detailed seven-step procedure for obtaining a recursive formulation for
estimating the individual components of income.

12A classic example of the signal extraction problem in economics literature is Lucas (1973), a seminal
paper on rational expectation. Muth (1960) rationalizes the “adaptive” expectations proposed in Cagan
(1956) and Friedman (1957) by posing and solving an “inverse optimal estimation” problem. Muth (1960)
solves this problem using classical (non-recursive) methods. See Ljungqvist and Sargent (2004) for a
textbook discussion on the discrete-time formulation of the Kalman filter technique and applications to
economics problems.



1654 N. Wang | Journal of Monetary Economics 51 (2004) 1645-1681

First, I form the state-space representation of the individual component of income
by stacking (2) and (4) together. This gives

Wy 0, —K1 0 Wy op 0 Bi(¢)
G =1G) =5 )G (0 Delia) @
Y, 0 5 —x2)\y, Vi By(1)
where 6, 0, vi, and v, are given in (5), (6), (7), and (8), respectively. Note that while
(‘;’t‘) is recursive, total income y by itself is not recursive. That is, only observing
current income y does not allow us to predict the next period income directly from
(23), because the agent does not observe w. Thus, when income is only partially
observed, we no longer have a recursive structure for the underlying bi-variate
income process conditioning on the agent’s information set. This substantially
complicates the agent’s optimal consumption-saving problem, because we are not
able to write down the Bellman equation characterizing the agent’s inter-temporal
trade-off for a non-recursive dynamic problem. The signal extraction problem to be
introduced in this section is essential in converting the non-recursive optimization
problem into a recursive one.

Before delving into the details of solving the recursive signal extraction problem, I
first define a few conditional expectations that will be used.Let m, and n, be the
conditional expectations of w; and z, given &7, respectively, in that m;, = E(w, | #7)
and n; = E(z,| #7). Let X(f) be the forecasting variance of (‘_j’l’), in that

2 2p(t wy—m
Z(t)z( 1(2) 12()>=E[( ‘ t>(Wz—Wl; Zt_nt):|-
21(0)  Zn(0) Zr—
Obviously, the sum of current estimates of both components must add up to the
realized total income y, in that m, 4+ n, = y,. Otherwise, the estimation procedure

cannot be optimal. The simple identity w, — m, = —(z; — n,) implies that
() E[( e )( ( ))} (1 _l)z @
= we—m; —(w,—m = ,
—w—m) ) o 1 1 )"

where X1,(t) = E(w, — m,)>. Therefore, X,,(r) completely characterizes the covar-
iance matrix X(¢). For this conditionally homoskedastic Gaussian income process,
estimation risk is fully captured by X;(¢).

Kalman filter signal extraction technique provides a recursive structure to
optimally estimate the unobserved underlying state variable (the individual
components w and z of income) as accurately as possible by minimizing the
estimation error (in the mean square sense). For a linear Gaussian system such as the
bi-variate Ornstein—Uhlenbeck income process, the optimal estimate is the best linear
estimate. Since estimation must be based on the observables, the agent thus needs to
project the changes of the unobserved state variables (individual components w and z
of income) onto the changes of the observed state variable (total income y). This
projection procedure gives the optimal estimate m and n for the unobserved
individual components w and z of income. The difference between the realized level
of the changes in the observed total income y and the expected changes in total
income gives rise to the error term from this projection. This error term represents
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unexpected changes of total income, dubbed as “innovations.” This innovation
serves as the shock (a Brownian motion in this continuous-time setting) to the
optimal estimate () of the individual components of income. Casting the dynamics
of the optimal estimate using this innovations process gives rise to the recursive
structure of the optimal estimate, the objective of the Kalman filter technique.

Next, I construct this “innovations” process from total income y and then to
represent the optimal estimates m and n in terms of this newly constructed
innovations process. In Appendix B, I show that the innovations process Z is a
Brownian motion and the dynamics for Z is given by

1
dZ(n) = Sdy, = (0 + om; — re2y) di], (24)
where
v= e = ol + ok + 200 (25)

and o1, = poo; is the instantaneous covariance between w and z, the two individual
components of income. Over a small time interval Az, the innovation (Z(z + At) —
Z(t)) is proportional to the unexpected changes in total income y, which is given by
the difference between (y, .5, — »,) and (0 + om, — k2y,)At, where (y, .o, — »,) is the
actual changes in total income and (0 + dm, — x2y,)At is the expected changes in total
income. Thus, (24) captures the notion of innovations, which describe ‘“unexpected”
changes or surprises given the agent’s information set. The parameter v normalizes
the conditional variance of this “unexpected” changes so that Z is a Brownian
motion process.'® The innovations process Z essentially plays the role as the “shock”
to the optimal estimates m and n as shown below.

In Appendix B, I show that the dynamics of the optimal estimate m, for the
unobserved individual component w; is given by

dm, = (0) — kymy) dt + G1(£)dZ(1) (26)

with my = E(wy) and where
1
Gi(1) = ;(5211(1) + 0% 4 a12). 27

The key ideas used in deriving dynamics for the optimal estimate m;, are (i) the
optimal estimate m, may be written as a linear combination of the history of
innovations AZ up to time ¢; and (ii) the residual (w, — m;,) is orthogonal to any # tZ
measurable functions. (This orthogonality condition builds on the statement that m
is the optimal estimate of the unobservable individual component w of income:
m; = E(w;|#7}) and (ii) the law of the iterated expectations.) I refer readers to
Appendix B for detailed derivations for (26). Using the identity y = m + n, (26), and
the innovations process Z given in (24), we have

dn, = (0> — kan) dt + G>(1)dZ() (28)

3Recall that standard Brownian motion process has a standard normal distribution over a unit time
interval.
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with ny = E(z9) and where

Gull) = (~0511(0) + 03 + 010). 29)

Egs. (26) and (28) show that the innovations process Z drives the dynamics for both
m and n. Together, Eqs. (26), (28) and (24) are often dubbed the innovations
representation for (7). We note that the functional forms for the drift of the optimal
estimate m and the drift of the unobserved individual components of income w are
the same and are given by f(u) = 6, — Kk u, where u = w or u = m. In particular, the
degrees of persistence for both m and w are measured by the same parameter ;.
However, the volatility parameters for m, and w, are different. While the volatility
parameter for w, is equal to g, the instantaneous volatility for the optimal estimate
my, Gi(t), is in general different from ¢; and is time-varying. Specifically, the
conditional volatility G(¢) depends on the forecasting variance 2 (¢).

In Appendix B, I provide detailed derivations for the evolution of the forecasting
variance X(¢) and show that X(¢) solves the following Riccati equation:

d2(n)
S dr

with a given initial value X;(0) = E(wy — mp)>. Intuitively, the first term in (30)
captures the forecasting variance reduction effect due to mean reversion of the un-
observed individual component w. The rate of this variance reduction is bigger for a
less persistent process (a higher x;). The other term [o7 — G1(#)*] measures the
difference between time-¢ conditional variance for w; and time-f conditional variance
for its optimal estimate m,. The closer these two conditional variances are, the lower
the estimation error at time ¢, and thus a smaller effect on the evolution of the
conditional forecasting variance X;(¢). Obviously, similar comparisons (for both the
drift and volatility components) between the optimal estimate n and the associated
underlying un-observed component z also apply.

Over time, for a stationary income process (x>0 and k;>0), the forecasting
variance X(f) converges to the steady-state level 2;(oc0). To simplify notations for
the later derivations, I will focus on the steady-state variance'* of forecasting error.
Setting dX,(¢)/dt = 0 gives

= —21:211(1) + [07 — G1(1)°] (30)

S1i(c0) = [\/@2 +(1 = P2 — @}, 31
where
0= Kla% + KQG% + (k1 + K2)poi0s. (32)

At the steady state (X(¢) = XZ(oco) for all ¢), the joint dynamics of the optimal
estimate (’ZI’) may be written as

d(’:> B KZL) " <_gl —(;)c2> <’:,[>}dt+ <jl)d2(t) (33)

'“The time varying conditional variance is interesting in a life-cycle model. See discussions in Section 6.
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where
1
A1 = Gi(oc0) = ;(5211(00) + 0%+ o12),

1
Ay = Gy(o0) = ;(—5211(00) + 03+ o12).

It is easy to show that v = ,/v% + v% = A; + A,. The parameters A; and A, are the
long-run volatility parameters for the optimal estimates m and n, respectively. While
the drift functions are the same for () and (), the stationary covariance matrix of
() differs from that of (7). Let Q be the stationary covariance matrix for (}), and Q
be the stationary covariance matrix for (7)) under the innovations representation,
respegtively. Using the properties of the bi-variate Ornstein—Uhlenbeck process
gives

_ _ 912
. Wy — W _ _ 2Ky K| +i
Q= lim E ) (w=w oz —2)| = 1 L (34)
too |\ z;—Z 912 9
K1+ 2K2
_ _ A7 A145
~ . m; —w _ _ 2K1 Ky +ic
Q= lim E ) (mi—w n—2)| = 1 I (35)
1—00 L\ n,—Z A4y /12

K1+K) 2Ky

where w = 0, /x; is the long-run mean of w and m, and Z = 0,/k; is the long-run
mean of z and n.

Using variance decomposition, I show that the forecasting covariance matrix X is
equal to the difference between the stationary covariance matrix € for the underlying
state vector (”’) and the stationary covariance matrix Q for the underlying state
vector (’"’) in that 2(00) =0 — Q. In order to highlight the basic intuition behind
this result implied by variance decomposition, I briefly consider the analysis for
211(c0). First, note that

E(w, —w)* = E[(w; — m))* + (m; — im)*] (36)

using E[(w; —m;)| #7] =0, w = m, and the law of iterated expectations. Using the
definition for the stationary forecasting variance 2;(c0) = lim,_, oo E(w; — m;)* and
taking the limit t — oo on both sides of (36) give

Zi(00) = lim E(w, —my)* = lim E(w, —9)° — lim E(m, — m)*,
2 — A2

=Q —.6211 2712161 ! >0, (37)

where the first line follows from re-arranging (36) and the second line uses results on
stationary variance for the Ornstein—Uhlenbeck process. Eq. (37) implies that
observing total income y helps forecasting individual component w of income, in that

BInterchanging limits and expectation is justified in such contexts because of dominated convergence
theorem.
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Aj <oy, and the difference between long-run stationary variance of w and that of m is
the stationary variance of estimation error w — m, based on only observing total
income y. Similar analyses give the following simple formulae for X»;(c0) and
Z12(00):

2 _ 42

Io(o0) = 222, (38)
2K2

S1o(00) = %Alglz (39)

Recall that X5;(00) = 21(00) and X 5(00) = —2;(00). Negative covariance X1,(00)
reflects the fact that a higher estimate m for w must imply a lower estimate n for z, for
a given observed total income y.

Estimating the individual components of the underlying income process is the first
step towards solving the optimal consumption problem. Next, I show that the
complicated optimization problem under incomplete information may be decom-
posed into two steps: (i) to estimate the underlying individual components of income
process; and (ii) to solve the optimization problem by treating the estimated
individual components of income as state variables. I show that this two-step
procedure is optimal by applying the separation principle,'® to be introduced in the
next subsection.

4.2. Separation principle

Before introducing the separation principle, I briefly restate the agent’s
intertemporal consumption-saving problem:

o0
sup E</ e P Dy(e) ds
c t

subject to the wealth accumulation equation dx; = (rx;+y, —¢;)dt and the
transversality condition specified in Appendix A. The optimization problem is also
subject to what the agent knows and observes about his income process. Specifically,
the agent knows the dynamic structure of his bi-variate income process,
characterized by persistence parameters k; and x;, second-moment parameters oy,
a2, and p, and drift parameters 0, and 60, in the income process; however he does not
observe w and z, the individual components of income. He only observes the history
of his total income y. The complication of the optimization problem (40) to a large
extent is due to the fact that total income y is not recursive with respect to %7, the
agent’s information set.'”

Fortunately, the information set %7 is equivalent to # ,Z, the information set
(filtration) generated by {Z(s) : 0<s<t}, where dynamics of the innovations process

F i) , (40)

16See Fleming and Rishel (1975) and Liptser and Shiryayev (1977) for technical details.

'7Recall that the dynamics of total income y is given by dy, = (0 + dw; — K2y,) df + D dB(¢). Because the
dynamics of total income y depends on its own value and also the unobservable individual component w,
the total income process y itself is not recursive.
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Z is given in (24). For the ease of reference, I reproduce (33), dynamics for the
optimal estimate (';’[’), under the innovations representation:

d m\ 0, —K 0 my; 4 Ay iz »
R s M P

Unlike total income y who dynamics is not recursive under incomplete information,
the optimal estimate (") has a recursive dynamic structure with respect to .7 tZ . In
Section 4.1 and Appendix B, using the Kalman filter technique, I show that the
dynamics for the optimal estimate (’;’t’) is linear Gaussian (following an
Ornstein—Uhlenbeck process), because the underlying unobservable state dynamics
for (‘Z"”) is linear with Gaussian shocks'® and the observation equation (for total
income) is linear in the underlying state variable (y = w + z). Moreover, the Kalman
filter technique also implies that the representation (41) contains identical
information as the original state-space representation (23). Luckily, the innovations
representation (41) is substantially easier to work with than the state-space
representation (23), due to the recursive feature of the optimal estimate () in (41).

A simple version of the separation principle states that if (i) the underlying state
dynamics is a linear Gaussian process in both state and control variables, (ii) the
observation equation is linear in the underlying unobservable state variables, and
(iii) the agent’s utility function depends on the control variable,'® then the optimal
control problem with incomplete information about the state variables may be
equivalently solved in two stages: (i) to solve the signal extraction problem for the
unobservable individual components of income as in Section 4.1, and then (ii) to
derive the optimal consumption rule by treating the optimally estimated individual
components of income as part of the state variables. Importantly, the two-step
solution procedure is optimal.

My model is a straightforward application of the separation principle stated
above. Specifically, the separation principle implies that the agent’s optimization
problem (40) presented at the beginning of this section may be equivalently
formulated as follows:

o0
sup E(/ e P6=Du(cy) ds
¢ t

subject to the bi-variate process (41) for the optimal estimate (”:’[’), the wealth
accumulation equationzodxt = (rx; +m; + n;, — ¢;)dt, and the transversality condi-
tion specified in Appendix A.

I now provide the arguments behind the separation principle as applied to this
setting. An optimization problem in general specifies the following three
components: (i) the objective function; (ii) the agent’s information set; and (iii) the

fz) 42)

"¥The equivalent representation for the dynamics of (%) in discrete time is a first-order bi-variate
autoregressive process.

YA more general statement of the separation principle allows the objective function to depend on the
underlying unobservable state variable. See Fleming and Rishel (1975) for details.

Plugging the identity y = m + n into the wealth accumulation equation gives dx; = (rx, +m; + n, —
c;)dt.
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constraints and laws of motions. If I show that two optimization problems are
identical in all three components, then these two optimization problems are
equivalent. I now check that these three components in (a) the optimal consumption
problem under incomplete information and (b) the recursive optimal consumption
problem using the optimal estimate as the underlying state variables, are equivalent.
First, the objective functions in (40) and (42) only depend on consumption and are
the same. Second, the agent’s information set %7 generated by the history of his total
income is equivalent to 922, the information set generated by the history of
innovations Z. Finally, the original state-space representation (23) and the
innovations representation (41) are mathematically equivalent as discussed earlier
and shown in detail in Appendix B. Therefore, the non-recursive optimization
problem (40) is equivalent to the recursive optimization problem (42), as implied by
the separation principle.

I have intentionally chosen to present a ‘“‘simple” version of the separation
principle and then apply it to justify the transformation of the original non-recursive
optimization problem into a recursive formulation, in order to deliver the intuition
of the separation principle as applied here in the simplest possible setting. However,
it is worth noting that the separation principle is more general that the “‘simple”
version, which is stated and used in this section. For example, the agent’s preference
in our model only depends on consumption, the control variable. However, the
separation principle allows the objective function to depend on both the control
variable and the unobserved state variables. For further details on the separation
principle, see Fleming and Rishel (1975) and Liptser and Shiryayev (1977).

I now apply the separation principle and explicitly solve for the optimal
consumption-saving rule for the equivalent recursive optimization problem (42).

4.3. Optimal consumption

I conjecture the value function in the same way as in Section 3. This optimization
problem is now recursive in three state variables: wealth x, and the optimal estimates
m and n for the individual components of income. Thus, we may apply the dynamic
programming approach to derive the optimal consumption-saving rule. Recall that
A; and A, are the volatility parameters in the innovations representation (33). Both
estimated individual components of income m, and n, are driven by the same one-
dimensional innovation Z, and thus instantancously, m and n are perfectly
correlated, as seen from (41). Appendix A verifies that the optimal consumption
rule under incomplete information takes the following form

¢ =r(x;+arm +ayn +a—1Il), (43)
where a; = 1/(r + K1), ay = 1/(r + k2),
2
y [ A Ay
1=z 44
2<V+K1+V+K2) 44

and a is given in (15).
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Note that the optimal consumption rule (43) under incomplete information differs
from the optimal consumption rule (12) under complete information along two
dimensions: (i) the underlying state variables and (ii) the functional form of the
consumption rules. The underlying state variables differ in the complete-information
benchmark and in the incomplete-information model because the agent’s informa-
tion sets are different in these two settings. More interestingly, the consumption rules
also differ (even after replacing the optimal estimates m and n with their respective
underlying individual components of income w and z). This difference of
consumption rules essentially accounts for the additional precautionary saving
induced by estimation risk. I will return to this point and discuss it more thoroughly
in the next section.

Using the law of iterated expectation, the human wealth may be calculated as

follows:
g‘))

h, =E, (/ e "0y ds
t

= E[E(h; | 7 )| 7] = E(h] | 77)

1 0 1 0
= <m, + —1> + (n + —2), (45)
r+ K r r+ Ky r

where /7 is the human wealth under complete information, given in (18). The
optimal consumption rule (46) may also be expressed in terms of financial and
human wealth (45), in that,

¢; = H(x¢ + hy — b), (46)
where
pom-t . (47)
VF

and I1 is given in (44). Therefore, rII is the precautionary saving demand measured
in units of consumption goods, when income is partially observable, following the
same line of analysis in Section 3. Recall that the precautionary saving demand is
rIT*, under complete information. Intuitively, this difference between rIT and rIT* is a
measure for the amount of precautionary saving due to estimation risk. The next
section formalizes this intuition and analyzes the effect of incomplete information
about individual components of income on the agent’s consumption, wealth, and
lifetime utility.

5. Estimation-risk-induced precautionary saving

In order to quantify the agent’s precautionary saving due to estimation risk, I
naturally need a “‘reference” model in which the agent does not have precautionary
saving motive for estimation risk, and behaves otherwise in the same way as the
agent of Section 4. These considerations lead to the following choice of the
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“reference’” model. I suppose that the behavior of the agent in the “reference” model
follows the two-step procedure: (i) derive the consumption rule assuming that he
observes both components w and z of his income y, and then (ii) replace both w and z
in (17) with their best estimates m and n, respectively. The first step is the identical
analysis of Section 3. The second step uses the outcome of the signal extraction
problem in Section 4.1 to evaluate the policy function (17) derived in step (i).
However, in the “reference” model, the agent estimates individual components of his
income, only for the purpose of evaluating his already-derived consumption rule
(which is optimal only under complete information). As a result, the agent in the
“reference”” model ignores the component of precautionary saving due to estimation
risk.!

Because the agent has precautionary motive (convex marginal utility) in the
“reference” model, he thus saves for the usual precautionary motive.”> The
difference between the incomplete-information model of Section 4.3 and the
“reference” model is that the agent in the former environment takes the estimation
risk into account in making his consumption decision, while the agent in the
“reference” model does not take estimation risk into account in forming his
consumption rule. That is, the sequence of (i) deriving the optimal consumption rule
and (ii) estimating individual components of income differs in the fully optimizing
model and in the “reference” model.

As a result, the consumption rule in the “reference” model may be written as

& = E(|9:) = E(c; | 7)) = r(x; + avm, + aon, + a — IT7), (48)

where ¢! is given by (17) and #7 is the information set generated by {y, : 0<s<1}.
Using (12) and (45), (48) may be represented as follows:

& = r(x, + hy — b%), (49)

where /£, is human wealth for the case of partially observed income and is given in
(45), and b* is given in (19).

The difference between (46) and (49) measures the additional saving demand, that
is attributable to estimation risk. Let =, denote the difference between ¢, and ¢,
assuming the wealth levels are the same, in that

=
iy

¢ — ¢ = &(xs,my, ny) — c(x,my, ny).

Precautionary saving due to estimation risk is shown below to be constant, in that

[n

.
E=rl—1II") = %[(alAl +aM2) — (a0} + 4303 + 2pa1a20102)]

t

r
= D@4} — 0D + B4 - 0D + 2aiax(A1 42 - o12)]

2l do not use the complete-information benchmark model as the “reference” model because the
underlying state variables in complete-information and incomplete-information models are different. The
proposed ““reference’” model in this context is as close as possible to the complete-information benchmark
model.

2?Recall that (17) is the optimal consumption rule for an agent with convex marginal utility e™7°.
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= pr{—K1a1 Z11(00) — K2a3X22(00) — (K1 + Ka)a1a2 X 12(00)]

ro 2
=7Zu(e0) ((V + )+ Kz)) ’ 50)

where 2;(oc0) is given in (31). The above derivations use (37), (38), (39), and the
relationship X1(0c0) = 22;(00) = —22(00). Plugging (31) into (50) gives

- ((r+K1)(r+K2)> [\/@2+(1— poio3d’ — 0, G

where @ = K162+K20'1 + (k1 + K2)po1oa, as  given in  (32). Precautionary
saving = due to estimation risk is higher for a larger value of X (c0), ceteris
paribus.

Intuitively, higher volatility of individual components of income (bigger o
or op) leads to a larger estimation risk, in that dX;i(co)/dg;>0, ceteris
paribus. Therefore precautionary saving & due to estimation risk increases in g
and o, in that*

I]

o 2052 _
4= _ y( r > 0°(0143 — porA) Ay -0, (52)
dO'] (V+ K])(V+ K2) \/@2 + (1 _ ,02)6%0'%52

o 2052 _
d_~: ( r ) 07 (0241 — poAz) A, 0. (53)
dO'2 (r + K])(V + K2) \/@2 4 (1 _ pz)O'%G%éz

A larger correlation coefficient p between w and z implies that y is a more precise
signal of w, and therefore leads to a lower estimdtion risk X11(00), ceteris paribus, in
that d¥;(0c0)/dp<0. Thus, precautionary saving = due to estimation risk shall
decrease in correlation coefficient p, as confirmed below

2 2
( r ) 0 0'10'2/11/12 <0. (54)

=y
(V+ K:])(V + Kz) \/@2 + (1 _ pz)o_%o_%éz

€&

Obviously, a larger coefficient y of absolute prudence implies larger precautionary
saving demand & due to estimation risk, ceteris paribus.

So far, I have assumed that the wealth level x is the same in both the full
optimization model and the naive reference model. Therefore, precautionary saving
measured in terms of consumption goods is constant for any ¢. However, I have side-
stepped from the effect of wealth accumulation on consumption. Consider the
following setup. Two agents A4 and B are endowed with the same initial level of
wealth xq at time 0. Agent A follows the optimal consumption rule (43) from time 0

2The inequalities of (52) and (53) use A; <oy, A> <02, and A, A, > 0.
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Fig. 1. Consumption and wealth differences over time.

and onward. As a result, his wealth at time ¢ is given by

t
xf = Xp +/ (rx;1 + mys + ny — ¢5)ds
0
t
=X+ / [k1aymg + Kyang — r(@ — IT)]ds
0
t
=x9—r(@a— I+ / (k1aymg 4+ Kranny) ds. (55)
0

Agent B lives in the “reference” model, adopting the naive consumption rule ¢ of
(48) from time O to ¢. His wealth at time ¢ is given by

!
x? =X+ / (rxf + my + ng — ¢;)ds
0
t
=xo —r(@— I+ / (cyaymg + Kaasng) ds. (56)
0
A comparison between (55) and (56) implies

xB — x4 = r(I1* — Mt = —Et. (57)
Over time, precautionary saving demand = due to estimation risk makes Agent A,
who follows the optimal consumption rule, richer and richer over time than Agent B,
who does not have precautionary saving motive for estimation risk. The left diagram
of Fig. 1 plots (57), the linear relationship of (x? — x) over time.**

24The annual interest rate is set at 4%, and the precautionary saving = dues to estimation risk is chosen
to be .16.



N. Wang | Journal of Monetary Economics 51 (2004) 1645-1681 1665

The difference between consumption of Agent 4 and that of Agent B at time ¢ is

given by

cf — cf' = r(xfg — x,A) +E=(1—-rnE. (58)
Precautionary saving due to estimation risk has both direct and indirect effects on
consumption, as seen from (58). The direct effect leads to a lower consumption level for
Agent A than for Agent B, for the same wealth level (x/ = x5). The indirect wealth-
accumulation effect leads to a higher level of wealth for Agent 4 than for Agent B, as
seen from (57). However, during early stages of life, there is little difference in wealth
level from adopting different consumption rules. Thus, direct effect dominates the
indirect effect, and ¢?> ¢/, for 1< 1/r. After passing age 1 = 1/r, wealth of Agent 4,
who follows the optimal consumption rule (43), is sufficiently larger than wealth for the
naive Agent B. Therefore, indirect wealth-accumulation effect has a larger impact on
consumption from ¢ = 1/r and onward. The right diagram of Fig. 1 plots (58), the
difference between consumption by Agent B and Agent A over time.

Fig. 1 shows the effect of precautionary saving due to estimation risk on wealth
and consumption over time. Naturally, the next step is to quantify the utility loss for
the agent who ignores the effect of estimation risk on consumption. Consider Agent
B in “‘reference” model who follows the naive consumption rule (48) for all time 7>0.
Let U be the lifetime utility for Agent B. Let U be the value function for Agent 4,
who takes estimation risk into account in forming his consumption decision and thus
derives the optimal consumption rule (43). That is, U? = V(xo,mqo,n9) where
V(x,m,n) is given in (A.12). Appendix C shows that

U®(xo, mo,n9) = U* ToE e =, (59)
Note that e 7% > 1 — y&. Together with U* = V(xq, mo, n9) <0, (59) implies U? < U.
Eq. (59) confirms the theoretical prediction that an agent following naive
consumption rule has lower utility than an agent following optimal consumption
rule. Next, I convert the total utility loss implied by (59) into a measure of wealth
equivalent. I define the compensating variation ny as the additional amount of wealth
needed at time 0 in order for an agent who adopts naive consumption rule (48) to
have the same utility level attainable by adopting the optimal consumption rule (43).
That is, compensating variation 7 solves the following equation:

Ut = V(x0,mo, ) = UP(x + 15, mo, o)

1

= V(o + 1. mo, o) = VB e 7%, (60)
where the last equality follows from (C.13). Solving (60) gives
|- -
g = —y—r[ﬂ/:—i-log(l —yZE)]>0. (61)

Fig. 2 plots 7, against precautionary saving Z due to estimation risk.*

Compensating variation # is increasing and convex in Z. Intuitively, a higher

2The coefficient y of absolute risk aversion is taken to be 3, and the annual interest rate is set at 4%.
The range of Z is from 0 to the (unattainable) upper bound 1/y, required by Condition C.12.
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Fig. 2. Compensating variation and consumption difference over time.

precautionary saving & due to estimation risk implies a bigger utility loss from
ignoring the estimation risk on consumption, and therefore leads to a higher
compensating variation 7. Furthermore, a unit increase in & has a larger effect on
compensating variation y at higher level of =, ceteris paribus.

I now compare the implications of optimal policy function (43) with those of the
PIH models with partially observed income. In PIH models such as that of Pischke
(1995), the agent has no precautionary saving motive at all, in that IT = 0. Therefore,
estimating the individual components of income first or not yields the same
consumption rule as implied by the linear-quadratic certainty-equivalence princi-
ple.?® Suppose Agent P follows the PIH rule, and only observes his total income .
The difference between consumption of Agent A and that of Agent P is then given by

CP(xfa my, nt) - CA(X;I!mta nt) = r(xf - x;“l) + H = (1 - rt)“? (62)

where ¢ and ¢? are the PIH consumption rule and optimal consumption rule (43),
respectively, and x” and x/ are wealth levels of Agent P and Agent A at time 1,
respectively. By definition, Agent P and Agent A4 start with the same initial wealth
levels xy at time 0. Eq. (62) states that (i) for z<1/r, the optimal consumption rule
(43) gives a lower consumption level than the PIH rule does, because of the agent’s
precautionary motive; and (ii) for r>1/r, Agent A consumes more than the PTH
agent, because Agent A’s accumulated wealth is sufficiently large thanks to his

26See Ljungqvist and Sargent (2004) for a textbook treatment of certainty equivalence principle.



N. Wang | Journal of Monetary Economics 51 (2004) 1645-1681 1667

precautionary preference. Let U” be the lifetime utility for Agent P, who adopts the
PIH consumption rule at all times.

I define the compensating variation np as the additional amount of wealth needed
at time 0 in order for an agent who adopts the PIH consumption rule (D.2) to have
the same utility level attainable by adopting the optimal consumption rule (43). That
is, compensating variation #, solves the following equation:

U (xo, mo, no) = U”(xo + 1p, mo, no). (63)
Appendix D shows that
1 .
UP(xo + 0p, Mo, Ny) = U (xo + 1 p, Mo, Ho) m e, (64)

where U4 (xy 4 np, mo, no) = V(xo + 1p, mg, ng). Solving (63) and (64) jointly gives
1
np = —;[WH + log(1 — yril)]>0. (65)

It is easy to verify the compensating variation #, is larger than #,.%” The intuition is
that the naive consumption rule (48) in the “‘reference” model only incorporates part of
precautionary saving demand into account, and ignores the effect of estimation risk. As
a result, adopting the naive consumption rule (48) lowers the agent’s utility. The utility
loss is smaller compared with the utility loss if the agent adopts the PIH rule. The
intuition is straightforward. Adopting the naive consumption rule (48) ignores the
effect of estimation risk on consumption, while adopting the PIH rule ignores both the
effects of standard income risk and income estimation risk on consumption.

6. Conclusions

This paper studies optimal consumption and saving decisions for an agent who
does not observe individual components of his income. I show that his precautionary
saving demand is higher, when he optimally takes the effect of estimation risk on
consumption into account. In order to show that partial observability of income
leads to higher precautionary saving in a simple setting and in an intuitive way, I
have chosen to use expected exponential utility and conditionally homoskedastic
labor-income process. Under the current framework, the optimal approach to solve
this intertemporal problem is to follow a two-step procedure: (i) estimate the
underlying individual components of the income process by using Kalman filter, and
(i1) derive optimal consumption rule by treating the filtered individual components of
income as the underlying state variables for income process. Different from
permanent-income type consumption models with unobservable income processes,
such as those of Goodfriend (1992) and Pischke (1995), this paper shows that
unobservability of individual components of income induces the agent to increase his
precautionary saving to account for estimation risk (measured by steady-state
variance X(oo) of forecasting error).

?"Note that H(x) = —(x + log(l — x)) is an increasing function and rIT > Z.
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This paper has focused on the infinite-horizon setting with stationary variance of
estimation risk. Empirically, we observe much dispersion of individual’s saving
across different stages of his life cycle. One direction for future research is to
incorporate the time-varying precautionary saving demand for estimation risk into a
life-cycle model. Intuitively, the agent may know less about his earnings ability at the
beginning of his life cycle, and learns more about his talent, a key determinant of the
permanent component of his income, over time. Therefore, there is more uncertainty
about the individual components of income in the earlier stage of the agent’s life than
in his later stage. A lower estimation risk of individual components of income in the
later stage of the agent’s life naturally suggests a decreasing precautionary
saving demand associated with estimation risk per unit of time over his life cycle.
This model may further be generalized to incorporate the effect of measurement
error in the observed income on precautionary saving demand. When the
observed total income is only a proxy for the underlying true income (given by
the sum of the two individual components), then the estimated individual
components of income is less accurate and thus gives rise to even greater demand
for precautionary saving.

This paper has followed the consumption-saving literature by focusing on the
effect of estimation risk on consumption-saving rules. To do so, I have intentionally
chosen to allow the agent only invest in one asset, the risk-free asset with constant
rate of return. We may further generalize the model to incorporate the risky asset.
Because the volatility of estimated individual components of income in general
differs from that of the unobserved individual components of income, estimation
risk naturally also has effects on the agent’s portfolio choice, which in turn has
effects on the agent’s consumption rule, wealth dynamics, and the utility cost of
ignoring estimation risk.

Appendix A. Derivations of optimal consumption rules

First, I supply the detailed procedure of solving the optimal consumption rule
when the agent has complete information about his individual components of
income. Then, I solve the optimal consumption rule when only total income is
observable, by applying the separation principle of Section 4.2.

A.1. Derivation of the optimal consumption rule (12)
The value function J solves the Hamilton—Jacobi—Bellman (HJB) equation:

0 = sup{u(?) — BJ(x,w,z) + 2O (x,w,2)}, (A.1)

where
Q(E)J(x, w,z)=(0x+w+z—202J+ (0 —kyw)J,, + %G%JW
+ (92 - KZZ)JZ + %O—%Jzz + 0—12sz' (Az)
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The first-order condition gives
e ¢ = J(x,w,2). (A.3)

I conjecture that the value function takes an exponential-affine form

1
Jx,w,z) = — o exp[—yr(x + ayw + axz + ap)], (A.4)
where a1, a>, and ay are coefficients to be determined. The FOC (A.3) implies that
¢ = r(x, + ayw; + arz; + ap). (A.5)
Plugging (A.5) into the HJB equation (A.1) gives
|
0= —;4— yﬁr +[(1 —rap)w+ (1 — rax)z — rap] + (01 — kKiw)ay
| 1
—3 ofyraf + (0, — k2z)ar — 3 a%yra% — yrajaxpaio;. (A.6)

Eq. (A.6) holds for any w and z. Setting the coefficients for w, z and constant to zero
gives

0=1—ra — K141, (A.7)
0=1—ra) —Kxra, (A.8)

B—r Ly s 15,
0= - —rag + 01a; + Orar — 3 oyyray — 5 O5YFa; — VrA1a2Pp0107. (A.9)

Solving the above three equations yield
1

a; = 5 i= 1727

r+K;

Lip—r [N N N
a = o + 01ay + Orar — 5 01074} = 5 0301y = )ra1a2p0102
=aq-—II",

where @ and IT* are given in (15) and (16).

The transversality condition lim;_ o E e J(x;, w;,z;)| = 0, where J(x,w,z) of
(A.4) is the corresponding value function for the candidate optimal consumption
rule, may be verified to hold in the same procedure as in Wang (2004). Details are
available upon request. The key is to require the interest rate to be positive, in that
r>0.

A.2. Derivation of the optimal consumption rule (43)

When income is partially observable, the value function V(x, m, n) solves the HIB
equation:

0 = sup{u(@) — BV (x,m,n) + OV (x,m,n)}, (A.10)



1670 N. Wang | Journal of Monetary Economics 51 (2004) 1645-1681

where
GOV(x,mn)=x+m+n—2WVy+ 01 —kim)V,, + %A% Vo
+(02 _KZH)VH_’_%A% Vnn+AlA2 an- (All)

We follow the same procedure as in (A.1), and conjecture that the value function
take the following exponential affine form

1
V(x,mn) = — ; exp[—yr(x + aym + an + a;)], (A.12)

where a;, a», and a; are coefficients to be determined. The implied optimal
consumption rule is given by

1
¢ = r(x[ + m; + n; + a()), (A.13)
r+ K

r+ Ky

where

/ 1(B—r L oo 5 15y
a0=r< - +a101+a202—§/11yra1—EAzyraz—yralazAl/lg ,

2
zllﬁ—u 0, 0 _1W( M, A >
r| oyr r+x; r+xy 2 r+K1 r+x

where @ and IT are given in (15), and (44), respectively. Re-writing the above

consumption rule gives (46), the optimal consumption rule when information is
incomplete.

The same argument as for the case of perfectly observed income implies that the

transversality condition holds, in that lim. .. E|e "V (x;, m;,n;)| =0, where

V(x,m,n), given in (A.12), is the corresponding value function for the candidate
optimal consumption rule.

—a—1I,

Appendix B. Optimal estimation of individual components of income

This appendix derives the optimal estimates of the unobservable underlying
individual components of income in detail using the Kalman filter technique, and
shows that the innovations representation contains identical information as the
original state-space dynamics does. The equivalence between the original partially
observed income process and the innovations representation allows us to apply the
separation principle in solving the inter-temporal optimal consumption-saving
problem.

Recall that the dynamics for the individual component of income w
and the associated dynamics for the observed total income y are given
as follows:

)13 ) (2 D).
v) L\6 o0 —x2)\y ViV By(1))’ '
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where B(7) is a standard Brownian motion in R?. The agent does not observe the
individual component w, however, observes his total income y. His objective is to
form an optimal forecast for the individual components of his income, given his
information set.

I divide the detailed procedures into seven steps.

e Step I: Normalize shocks to the observed total income y to be one-dimensional.

In (B.1), total income y is subject to shocks from both B and B,. I normalize the
shocks (B 1(t)) to one dimension. Let G be the Cholesky decomposition matrix for the
condltlondl covariance matrix for (“’) from (B.1), in that

o 0 gy v
o= ()
Vi V2 0 1%
The above equation gives

G <vz01/v vlal/v>.
0 \

Let B(r) = (28) be another standard Brownian motion in R?. We may then

represent the underlying state-space representation (B.1) as follows:

Wi _ 01 —K] 0 w; V20-1/v V10’1/v .
d(y,>_K0)+( 0 —Kz)(y,)]dﬂr( 0 y )dB(Z).
(B.2)

Note that dynamics (B.2) for total income y depends on the past total income.
This dependence complicates the signal extraction problem. Step II
partially disentangles the dependence of the total income y on its own history by
transforming the process (‘}",’) to another analytically more convenient stochastic

process.
e Step II: Simplify the state-space representation (B.2).

I first define process w, whose dynamics is given by
dw, = (0; — kyw,)dt + 2 [dy, — (04 6w, —12,)dt], wo =0. (B.3)

Note that to fully describe the dynamics of w, we only need the history of total
income y. Instead of using y as the observable process, I introduce process j as the
alternative observable process, whose dynamics is given by

dj, = dy, — (0 + 6w, — k2y,) dt. (B.4)

Plugging (B.2) into (B.4) gives the following representation of j using B, as the shock
process:

dy, = ow,dt + vdBy(o).
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Define W to be the difference between w and w, in that w, = w, — w,, as the alternative
“unobservable” state process. It is straightforward to show that

dw, = —(Kl + vlv% 5) W, dt + % dBy ().

Collecting the dynamics (B.5) for the state w together with the observation equation
(B.6) for j gives the following new state-space representation:

dw, = — (Kl + 12 5)w,dz + 290430, (B.5)
v v
dy, = o, dt + vdBy(o). (B.6)

Note that in (B.6), the dynamics of the observable y does not depend on its
own past, while the dynamics of the observable y depends on its own past
in (B.2). From this perspective, the system (B.5)—(B.6) is simpler to work with than
(B.2) does.

Let Z7 be the information set (filtration) generated by the history of y, {J, : s<1},
where dynamics of j is given by (B.6). Recall that %} is the information set
(filtration) generated by the history of observed total income {y, : s<t}. The next
step is to show that information content in 77 is the same as the one in #7. Showing
that #; and %7 contain identical information is important because the
informational equivalence between these two information sets allows us to replace
the original income dynamics with a more convenient representation when solving
the optimal consumption-saving rule.

e Siep I1I: Show that #) and 7 contain identical information.

Eq. (B.4) implies that the dynamics of j may be obtained from the history of y and
the history of 1w.”® Thus, we have #] € #}.

Now, we show the other direction: %7 C #7. It is straightforward to express
Egs. (B.3) and (B.4) as follows:

d(;v:) - [(091) i (_;1 _(,)C2> (f:)]d“r <vloi/vz>dﬁt- (B.7)

The first-order linear dynamics gives the following closed-form solution:

W, 0 t —K 0
<y ) =¢(z)[<y )+/0 cb(s)]( 5 § )ds
t 0 —HRK2
t 2
+/0 qs(s)*(vlai/v )dy,}, (B.S)

2Recall that the history of v is attainable from the history of y (see (B.3)).
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where?
e~ xit —(1 —e™™11)
(P(l) = e~ K1l _ g2l oKl _ K%(l _ e—xzt) . (B-9)

That is, information generated by {J, : s<t} allows us to solve for w and y jointly,“}
implying #7 € 7. Thus, we have shown &, = %7, in that the information sets %7
and 7 contain identical information.

Next, I sketch out the basic idea behind the signal extraction problem for the
“new”” state-space representation given in (B.5)—(B.6): form the optimal estimate of
w given the historical observation of j.

e Step IV: Construct the innovations process Z for the state-space representation
given in (B.5)—(B.6).

From (B.6), we may construct the following innovations representation:
1
dZ(r) = ;(dj/, — om, dt), (B.10)

where I define /2 as the optimal estimate of W, in that 51, = E[\, | & i ]. The basic idea
behind (B.10) is simple. Start off with (B.6). Since we do not observe W, a natural
thing to do is to replace w with its optimal estimate /2. Then, the deviation between
dy and o/ df may then be viewed as unexpected changes, with expectation 0. In order
to normalize the process Z to be a Brownian motion (which requires Var(Z(1)) = 1),
we also divide the difference [d7, — dri1, df] by the volatility parameter v. 1 refer
readers to consult Liptser and Shiryayev (1977) for the formal proof that Z is the
innovations process. Naturally, the information generated by the history of
innovations process Z shall be equivalent to %7 (note the relationship between Z
and y as given in (B.10)).

Next, I use the innovations process given in (B.10) to derive the innovations
representation for the optimal estimate 1, = E[W, | # ,Z].

e Step V: Compute the innovations representation for the optimal estimate /i
(for w).

The projection theorem states that we may express the optimal estimate 71, for W, as
a linear function of the history of innovations Z up to time ¢, in that

m, = my + /t g(s, 1) dZ(s), (B.11)
0

Note that the integral equation ®(r) solves is the following:

it —k; 0
o(t)y=1,+ /0 s . P(s)ds,
. — K2

where 7, is the identity matrix with 2 x 2.
3'Note that 1 is attainable from the history of .
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where g(s, 1) is some well-behaved deterministic function.®' Since 7 is the “optimal”
estimate of W, the residual [#, — /77,] must be orthogonal to any variable known by
time ¢, in that

0= E[(W, — ity /O t Ji0) dZ(s)] (B.12)

for any well behaved function f(-). (Note that fot f(s)dZ(s) represents the value of a
stochastic process at time ¢.) The orthogonality condition (B.12) implies

E [Wt/o f(s) dZ(s)} =E [ﬁa,/o f(s) dZ(s)]

—E [( /0 gl dZ(s)> ( /0 1) dZ(s)>]

= /Otf(s)g(s, t)ds, (B.13)

where the second line follows from the application of Ito’s isometry. Note that (B.13)
holds for any well behaved function f(-). In particular, I may choose a step function:
f(s) =0, for t<s<t and f(s) = 1, for 0<s<7. For this particular choice of f(-), we
have E[W,;Z(17)] = fOT g(s, 1) ds. Differentiating with respect to 7 gives

g(t, 1) = 62 E[w,Z(7)]. (B.14)
T
Thus, the optimal estimate 71, for W, is given by
t
m; = E[w,] + / 82 E[W,Z(r)|dZ(7). (B.15)
0 T

In order to simplify (B.15), first we relate the innovations Z to the history of
deviations between W, and its optimal estimate 7z, as follows:

dz(@) = %[m, dt +vdBy(t) — o, dr] = g(ﬂ/t — 7in;)dt 4+ dBy (). (B.16)
Integrating gives
Z(t) = g / (s — 7ity) ds + Bo(). (B.17)
0

Denote the variance of forecasting W, as 2,;(f) = E(W, — 1,)*. Recall that w is an
Ornstein—Uhlenbeck process with long-run mean zero (see (B.5)), integrating (B.6)
gives

W, = exp [— (rq + % 5) (t— s)} Wy

+20 exp (k1 + 27 6) (t = v)| dBy o). (B.18)

N

31See Liptser and Shiryayev (1977) for more formal statements. The basic idea is to only consider
functions in certain vector space satisfying integrability conditions.
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Plugging (B.17) and (B.18) into (B.15), using the independence between W and B,
and orthogonality condition (B.12) give

EW.Z(t)] = g / E[Ww,(Wy — my)]ds (B.19)
0
_90 / E [exp [— (Kl 4o 5) (t — s)} (W — m)} ds, (B.20)
v Jo v
_9 / exp [— (Kl Akl 5)(: - s)]iu(s) ds, (B.21)
vV Jo v
Plugging (B.21) into the integral equation (B.15) for /% gives
t
0 -
iy = E[v] + / 9 exp [— (Kl Ll 5)(1 . f)] $11(1)dZ (). (B.22)
o Vv v
Applying Ito’s formula to the above equation gives
drit, = dEDW,] — (Kl + "‘% 5)(;@ — ED) dr +% 300 dZ(r) (B.23)
d ~
- _ (;q n % 5)rh,dz +5 I Az, (B.24)
where the second line follows from®>
4 gy = —(K Ll 5)E[ﬂ/] (B.25)
dr ne ! v t' ’

Eq. (B.24) gives the dynamics of /i up to the covariance matrix 21,(7). In order to
completely characterize the dynamics of the optimal estimate 1 using the
innovations process Z, we also need to compute the evolution of variance (7).
This is to which we turn next.

® Step VI: Derive the dynamics for the forecasting variance 1,(f) = E(W, — ;)%

Using Ito’s formula and the dynamics (B.5) for w, we have

2
di? = 2ib, div, + (?) de (B.26)
2 ~
— [—2(1(1 + 2 5) W2+ (@) }dz +2 2% 5 4B, (B.27)
Ay Ay v

32Eq. (B.18) implies

E[,] = exp {— (Kl + % 5) z] E[iwo),

by choosing s = 0 and taking expectation at time 0.
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The above equation implies that the dynamics for E[ﬁztz] is given by **

d . vio . V2012
aE[wf] = —2(K1 —i—l}—zlé)E[wﬂ + (%) . (B.28)

The dynamics for the second moment ﬁa,z is given by

2
dm; = i, i, + (f mo) dr (B.29)

o (0 ?
— [-2@1 +V% 5)m§ + (V le(z‘))

The above equation implies that the dynamics for E[nﬁf] is given by

dr+2 g Su(m,dz(.  (B.30)

d 5 - 2
5 Eli) = —2(K1 i V% 5)E[n~af] 4 (v le(t)> . (B.31)
Note that £,,(f) = EGv, — i)’ = E[W,]> — E[/,]*. Then,
do d 5 d_,
T E00 = 3, ERP = L U] (B.32)
V101 < v201\2 0 2L 2
= 2(k+2510)Zu0 + (B1) = (3) Euo?, (B.33)

using the results from (B.28) and (B.31).

We have explicitly solved for the dynamics of the optimal estimate 772, and its
forecasting variance 2,;(7), using the innovations process Z. We next use results
obtained from the earlier steps to derive the dynamics of the optimal estimate m, for
the unobserved individual component of income w, and the associated forecasting
variance X (7).

® Step VII: Characterize the dynamics for the optimal estimate n1, and the dynamics
for its associated forecasting variance 2;(¢).

First, I show 21,(7) = X11(¢). The key observation is the following identity:
m; = E[w,| F] = E[W; + W, | 7] = W, + ;. (B.34)

Therefore, we have Ww, — i1, = w, — w, — i, = w, — m,, which implies
S ~ ~ \2 2
21(0) = EOy — my)” = E(wy —my)” = 211(2). (B.35)
3The solution to the second moment E[Wf] is given by

2.2
V10| V307

E[W?] = exp [—2(1{1 + o (5) t} E[W3] + e+ v1019) [l —exp [—Z(Kl + V1vf271 5) ZH
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Eq. (B.33) and X;(r) = 21,(¢) thus give the following Riccati equation for the
forecasting variance X1(7):

d

52 B (3\)10'1 V201 2
azll(l)Z—EZ‘ll(l)—2<K1+ 2 )le(t)+(T> . (B.36)

The solution is given by

) -1

211(t) = Z11(00) + [85?(1 — e N)(Z11(0) — 211(00))4‘6_6[} (Z11(0) = 211(00)),

where

20 sor\?
8=2W+&+ (") ®3)
Vv v

and X|;(o0) is the steady-state variance given in (31).
Now, I turn to the dynamics of m;, using the innovations representation. Using
m; = w, + 1, from (B.34) and the dynamics for w and # together give

dm, = (0, — r1w,)de + v% dj, — (K, +% 5>ﬁ1,dt +§ S0 dZ()
- (01 — ieym, — 11 m,) dt + % [dZ(t) +€ i, dt] +€ Tu(t)dZ()

viop + 0211(2)
v

= (0 — xym,)dt + ( )dZ(t),

where Z is the Brownian motion under the innovations representation and is given by
1 1
dZ(r) = ;[dj/, — o, df] = ;[dy, — (04 om; — x2y,) d1]. (B.38)

To sum up, I have derived the dynamics for the optimal estimate (’Z”) for (‘;’[’) and the
associated dynamics for the forecasting variance X;(¢), which are given in (26)—(28) and
(30), respectively. The main text uses these results to further derive the optimal
consumption-saving rule and quantify the precautionary saving induced by estimation
risk.

Appendix C. Calculation of lifetime utility in the ‘“reference” model

The objective of this appendix is to calculate the lifetime utility of Agent B in the
“reference” model. The (closed-loop) naive consumption rule implied by (48), the
(open-loop) naive consumption rule, is given by

t
= r<x0 +/ [kK1aymg + K2aon — r(@ — ) ds + aym, + apn, + a — H*>.
0

(C.1)
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Let U? denote lifetime utility for Agent B who follows sub-optimal consumption
rule (48), in that

Ul =E / ~ e Pt u(cf)dt}. (C.2)
0

Plugging (C.1) into (C.2) gives

r 1 00 t
US=E = / exp (— / (ot + o Mg + 012 1) ds) e Vimi—vans dt] e xota0)
L 0 0

where
Vv =yra;, i=1,2, (C.3)
o = B — yr’a— I") = p — yray, (C4)
o = yraik; =YKk, i=1,2. (C.5)

Duffie et al. (2000) show that under technical regularity conditions, the following
result holds for an “affine” process such as the one for (’;’t’):

e fg(“o+°‘1’”s+“2”x) dSefl[/lmtfl//zn[] — e¢o(r)+¢1(r)mo+¢2(r)no’ (C.6)
where
5 2
| | £ ) (560
= —0n + Gi i +5 1 < ’
bo(®) = 0 Zl $i(0) +5 (61(0) ¢2(T>><A142 A§> (1)
(C.7)

g:bl(r) _ <—Kl 0 )(¢1(T)> _ <°‘1> (C.8)
b,(7) 0 —r2/ \ (1) %
with boundary conditions ¢(0) =0, ¢,(0) = —y,, and ¢,(0) = —,. Solving the
differential equation (C.8) gives

$i(z) = ¢ {@(0) G 1)] =Yy, i=12 (C.9)
Using results from (C.9) to solve (C.7) gives
i 2
B0 = | =00 = Oy + ) + 5@ + | (.10)
= (—r — P2 IT* + 9y’ )t = —r(1 — 75)r, (C.11D

where Z = r(Il — IT*). We assume the following convergence condition in order to
ensure that the lifetime utility of Agent B who uses the naive consumption rule (48) is
finite:

1<yE. (C.12)
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Under the convergence condition (C.12), we have

o0
UB(xo, my,ng) = — l (/ ePo(D—yraymo—yrazng d‘E) e~ Vrlxo+ag)
7 \Jo
—_ _ l e—/r(xo-‘ra]mo+a2n0+a0) /oo e—r(l—y ) dt
Y 0
- _ l efyr(xo+a1m0+a2no+a6) ; efyr(uofa(’))
Y r(1 —9&)
1 oz
= V(xo, mq, no) 5%
—E
A 1 —E
=U (Xo,mo,no)ﬁ e, (C.13)

where V(x,m,n) is given in (A.12), and ap — a; = II — II*. The above derivation uses
(C.6) and the Fubini’s theorem.

Appendix D. Calculation of lifetime utility in the permanent-income model

The objective of this appendix is to calculate the lifetime utility of Agent P, who
forms his consumption decision based on the permanent-income hypothesis of
Friedman (1957). For this bi-variate model of income, a PIH consumption rule is
given by

cf) = r(x; + aym, + arn; + a). (D.1)

The implied wealth dynamics is dx, = (kjaym, + xpayn, — ra)dt. The implied
consumption by the certainty-equivalence PIH rule in closed loop may be
written as

t
cf = r[xg + / (k1a1my + Kraxng — ra)ds + aym; + an, + aj|. (D.2)
0

Let U denote lifetime utility for Agent P who follows this sub-optimal consumption
rule (D.2), in that

Ul =E / b eﬂfu(cf’)dz]. (D.3)
0

Plugging (D.2) into (D.3) gives

1 [ee] t e _
U’ =E - / exp (— / (o + oymy + oonmy) ds> e~ Vimi—van dt} e VX0t
0 0

where o) = B — yr’a, and o; = yra;x; = y;x;, for i =1,2.
The same argument for (C.6) gives the following result for agent following the PIH
rule:

Ele” fof(%*‘“l’"-r*“z"s) ds e—lﬂlmz—llfznz] — e&’(}(f)_‘//lm()_‘//zn(), (D.4)
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where
ol / y2r2 2
o) = | =04 = Oy + ) + 5@ + | (0.5)

= (—=r 4yt = —r(1 — yril)z. (D.6)

Assuming that the convergence condition (C.12) is met, we have

oo,
uf =u* (x0, Mo, 1) = —l ( / e¢0(’)‘7’“1"’0‘"’""2”0dr) eV +a)
7 \Jo

- _ 1 e—yr(xo-‘ralmo+a2n0+d) /OO e—r(l—yrﬂ)r dr

Y 0
- _ 1 e—/"(«‘fo+a|”10+“2”0+06) 1 —yr(a—ap)

Y r(1 —yril)
= V(xo,mp, np) ——— e "1

(>0, mo 0)1 -

1 ,

_ e, (D.7)

l—yrHe

where U4 = V(x,m,n), and a — ap = I1. The above derivation uses (D.4) and the
Fubini’s theorem. Note that the above integral is finite, because yrll = y(& +
rIT")>yZ>1 using the convergence condition (C.12).
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